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INTRODUCTION 


The importance’ of theorems concerning subspaces of a given 
vector space (such as Z;) spanned by a function of this space 
is well known. A now classical result of N. Wiener shows that, 
in LZ, the closure of the linear combinations of the translations 
of a function, whose Fourier transform vanishes nowhere, 
consists of the entire space Z;. In a joint paper, the author and 
Agmon gave more general theorems on the subspace spanned 
by a function whose Fourier transform is allowed to have zeros. 
These propositions, which are quite general, include Wiener’s 
theorem as a very particular case. 

On the other hand, the author has recently studied the sub- 
spaces spanned by the linear combinations of the successive 
derivatives (or of a subsequence of the successive derivatives) 
of a function. More recent results of the author give conditions 
under which a function can be expressed as the limit, in the 
norm of the given space, of mixed linear combinations involving 
the derivatives of the function and the translations of another 
function (the study has been made in L; only). These theorems 
are not merely combinations of the theorems on the two dif- 
ferent types of approximation mentioned above, but require 
proofs of a different nature. These results and their applications 
we consider sufficiently interesting to deserve general exposition. 

In order to give this Pamphlet the character of a monograph 
we include classical results on Banach spaces and also some 
considerations on the theory of functions of a complex variable. 
In particular we give some theorems which, to some extent, 
generalize a result found by the author and G. MacLane con- 
cerning the behavior of a function holomorphic in an infinite 
strip. 

Mr. T. P. G. Liverman has helped me in the editing of this 
Pamphlet. | thank him for his valuable assistance. 

Professor G. MacLane has helped me in reading the manu- 
script and the proof. Some useful remarks were also made by 
Mr. H. Reiter. I wish to express my gratitude to both of them. 

I wish also to thank Miss A. Wheeler for technical help in 
the execution of this work. 
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I. PRELIMINARY NOTIONS 


1. For the sake of completeness we shall touch upon a few 
preliminary notions required for the exposition of the main , 
theorems in Chapter III. These notions are classical and we 
present them briefly, leaving out some of the longer proofs 
which are to be found in the works quoted in the bibliography 
to which the numbers in brackets refer. 


§1. Normed Vector Spaces 


1. A non-void set, E, of elements, called vectors or points 


(designated by x, y, 2, --- ), is called a vector space over the 
field ©, of the real numbers or of the complex numbers (desig- 
nated bya, B,y, - ~~: ), if His an Abelian group under an opera- 


tion of addition(+) and allows multiplication (-) by the ele- 
ments of ® which is associative and doubly distributive over 
addition in £ and ® and with the property that 1-x=x. 

Specifically the elements of a vector space E satisfy the follow- 
ing axioms: 


Gi: e+y=y+u 

Go: (2-9) “Fs = 98 (FS) 

G3: x+y=x-+28 implies y=2z 
Si: a(Bx) = (aB)x 

Se: a(x-+ y) = ax+ ay 

eyes (a+ B)x = ax + Bx 

Sa: lis = x, 


It is a simple matter to verify that, as a result of these axioms, 
there is a unique additive identity element 6, called the null 
vector, satisfying 

e+¢d=é0+n4=x foralx ECE 
Ox =6 and af = 8. 
Also the scalar multiple (—1)x is the unique inverse of x in the 
group, i.e. (—1)x+x*=8@ so one writes (—1)x=—x. 
2. A subset F of E is called a vector subspace if it is itself a 
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vector space under the addition and scalar multiplication of E. 

The set x1, x2, - + -,%, of vectors of E is said to span, or 
generate, the vector subspace VCE if every vector yECV can 
be represented as a linear combination VY=QAXi +a%w%+ --- 
Sea 

3. The vector space E is normed if there is specified a non- 
negative real-valued function, the norm, which for every xCE 
has the value ||| satisfying the axioms: 


Ni: — ||x|| 20, and ||x|] = 0 if and only if x = 8, 
Na: ||x+ yl| < ||| + [loll 
Ns: |lazx|| = | @| |la| for alla € @and x CE. 


With the norm we can define the distance d(x, y) of any two 
elements x, yCE as 


d(x, y) = ||x — »ll, 
so E is then a metric space and limits have meaning in it: 
The sequence {xn} has a limit xCE (approaches x€E) if 
lim ||~ — x,|| = 0. 
4. The normed vector space E is termed complete if every 
Cauchy sequence {xn} of vectors in £& has a limit point «CE. 
That is: every sequence {x,} such that 


lim ||x» — xq|| = 0, 
Pq 2 


determines a unique element xCZ£ with the property 


lim ||“ — xn|| = 0. 


5. Anormed vector space which is complete is called a Banach 
space. When ® is the field of real numbers it is called a real 
Banach space; it is a complex Banach space when ® is the field 
of complex numbers. 5 

A finite or infinite sequence {x,} spans or generates the sub- 
space VCE if the set of all linear combinations of elements of 
{xn} is dense in V, i.e., if every y€ V is a limit point of linear 
combinations of elements of {xn}. 
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A set of vectors which spans the whole space E is called funda- 
mental. 

6. Examples of Banach spaces. 

a) R=E', the one dimensional Euclidean space of all real 
numbers x with —-» <x<+o, 

The norm is ||x|| =|]. 

b) The space (L..) of all functions measurable in every finite 
interval of R and essentially bounded on R. 

Here 


\| x(2)|| = essential upper bound x(t) |, 
tER 


i.e. ||x(¢)|| is the positive number m such that | x(t)| <m almost 
everywhere, and, for every e>0, the set of ¢ for which | x(t) | 
=m-—e has positive measure. 

c) The space L,(a, 6), p21 (a, b finite or infinite). This is the 
set of all functions x(é) for which [| x(¢)|?dt< ©. The norm is 


lll = (fl o@ ba)” 


In the main body of this paper we shall deal almost exclusively 
with the space Li(— ©, +) or a subspace of this space 


§2. Linear Functionals 


We restrict ourselves to the bare essentials required to estab- 
lish theorem R in normed vector spaces. (cf. p. 9) 

Henceforth S and S’ designate two normed vector spaces over 
the same scalar field ® (which is either the field C of all complex 
numbers, or the field R of the reals). 

To every xCS let there correspond a unique y©S’. This cor- 
respondence determines a mapping or transformation y = T(x) of 
S into S’. When S’ is in the space C of complex numbers the 
transformation is called a functional; it is a real functional when 
S’CR, the space of real numbers. 

T(x) is a linear transformation when it is simultaneously Addi- 
tive; i.e. T(x+x') =T(x)+T(x’), and Homogeneous; i.e. T(ax) 
=aT (x). 

The transformation T(x) is continuous at the point y if and only 
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if limn.. ||xn.—y|| =0 implies that limy +. I| Pen) — T(y)|| =0. It 
is an immediate consequence of the vector space structure of S 
that the continuity of T(x) at one point implies its continuity 
at every point of S. Also a continuous additive transformation of 
S into S’ is obviously homogeneous-R; i.e., T(ax)=aT(x) for ac R. 

When there exists a fixed positive number M such that 
|| 7(x)]| < M||x!| for every x€S, the transformation T(x) is 
bounded. 


Lemna 1. An additive transformation T(x) of one normed vector 
space S into another, S’, is continuous tf and only tf it is bounded. 


Proof: If T(x) is bounded then 
[| 7(#-) — T(y)|] S Mllan — yl, 
and hence 
lim ||x, — y|| = 0 implies ee || 7(*n) — T(y)|] = 0. 
Conversely if T(x) is not bounded there must exist a sequence 
{xn} for which || T(x,)|| =!|x,||, and hence 


|| (#0) | 


moe 
n|| x,l| 


(1) 


Taking y,=x,/(n||x,l|), we have limy.. ||y»|| =lim (1/n) =0, 
so that if T(x) were continuous (and therefore homogeneous by 
a previous remark), we would have, in contradiction to (1), 

T (%n) 
lim ||7(y,)|| = tim 70) IL = 0. 
nove n= || || 

This property leads us to define the bound, or norm | D Ilv of a 
linear transformation T(x) on the vector subspace VCS as 

7] 
|Z ||, = lub. ——— - 
sev lal 

The following theorem of Banach is fundamental, its proof, 

too long to be reproduced here, will be found in [3] and [7]. 


THEOREM 1. Given a real vector space S and 
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1) areal functional p(x) defined on S which, for all x and yES, 
satisfies p(x+y) S p(x) +p(y) and p(ax) =ap(x) for allaZ0, 

2) a real linear functional f(x) defined on the vector subspace 
VCS and which, for all xE V, satisfies the relation f(x) S p(x). 

Under these conditions there exists a linear functional F(x), de- 
fined on the entire space S, which extends f(x) to S in the sense 
that 


F(«) = f(x) forallxEV 
F(x) S p(x) for allxE S. 
From this follows the important 


HAuN-BANACH THEOREM. f(x) being a continuous real linear 
functional defined on the vector subspace V of the real normed vector 
space S, there exists a real linear continuous functional F(x), de- 
fined on S, which extends f(x) to S and has the same norm. In other 
words 


F(x) = f(x) forallxGV 


and 
|Flls = |[fllv- 


Proof: Choose p(x) =||f\|v-|||| in Theorem 1. Then there exists 
a linear functional F(x) such that 


—|lfllv- ||| = — o(—2) S F(x) S a(x) = |[fllv- lal. 


Thus F(x) is bounded and (Lemma 1) continuous. 
The corresponding result for complex linear functionals is 
stated in the 


BOHNENBLUST-SOBCZYK THEOREM. f(x) being a continuous 
complex linear functional defined on the vector subspace V of the 
complex normed vector space S, there exists a continuous complex 


linear functional F(x) defined on S and such that f(x) = F(x) on 
V and || F\ls=lf\lv- 


Proof: [7]. The bounded linear complex functional f(x) de- 
fined on V can be written as f(x) =fi(«) +7fo(x). It can easily be 
checked that f;(«) and f(x) are both bounded linear real-valued 
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functionals on V and that lAlly s|lfllv, and |lfolly S|lflly. Also f, 
and f, being real-valued, we have, for all xE V, 


fix) = filix) + ife(ix) = if(«) = ifi(x) — fa(x), 


and hence 
filix) = — fo(x). 


In accordance with the previous theorem there exists a real 
linear bounded functional F;(x) on S which coincides with f,(x) 
throughout V and for which || F||s=||fil|y. Consider the com- 
plex linear bounded functional 


F(x) = F,(x) — iF,(izx), 
which coincides with f(x) on V. Setting F(x) =pe® gives 
| F(x) | = e-#F(x) = F(e-®x) = F,(e-*z) S || f,lly||x|| < || fllv|] ll. 
§3. Linear Manifolds 


Vector subspaces or linear manifolds, as they are also called, 
form the principal subject matter of this Pamphlet. E being a 
vector subspace of S, the symbol E is used to designate its 
closure, i.e. the linear manifold consisting of E and all its limit 
points. Obviously E is a normed vector space in its own right. 
A manifold is closed if it contains all its limit points. 

As usual, linear combination of elements will always mean a 
linear combination of a finite number of elements. The closed 
linear manifold Z is spanned or generated by the sequence {ey} 
if every xCE is the limit of a sequence of linear combinations 
of elements of {e,}. In other words {e,} spans E when the linear 
combinations of elements of {e,} are dense in E. This means that 
to every arbitrary €>0 corresponds a finite integer n=n(e) and a set 
of scalars ay,» such that 


(C) 


The linear continuous functional f is called orthogonal to 
xoES if f(xo)=0; af f(x) =0 for all xe VCS we say that f is 
orthogonal to the set V. 
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The concept of orthogonality between linear continuous func- 
tionals and vectors provides a basic criterion for the determina- 
tion of dense subsets in normed vector spaces. This criterion is 
embodied in Theorem R for whose proof we require the following 
lemma of Banach: 


Lemna 2. If E is a closed proper vector subspace of the normed 
vector space S there exists a non-null continuous linear functional 
on S which 1s orthogonal to E. 

Specifically, if there is a point x»ES at the positive distance d 
from the linear manifold ECS (i.e. g.l.b.rez || ¢ —xol| =ad>0) 
there exists a bounded linear functional F(x) on S with the prop- 
erties 


(a) F(x) = 1, 
(b) F(x) = 0, for x © E, and 
(c) ||Flls = 1/¢. 
Indeed, consider the set G of all yCS of the form 
(2) y= x+ axo, aE 6 x«C#H. 


G is a linear manifold and d>0 implies that each yGG has a 
unique representation in the form (2) (otherwise we would have 
X1— Xe+ (a1 —a2)xXo =O, i.e. xo — (X2—X1)/(A1—aQ2) =0, while the 
norm of this vector is 2d). Now f(y) =a defines an additive 
functional on G, and from 


Ilyl| = [lx + esol] =| | ||x/a+ aol] =| | d, 
it follows that 


| (x) | =| a] < |lall/a, 


and so 
(3) IIflle $ 1/4. 
Next consider {x,}CE with lim,.. ||*x,—xoll =d, then 
| (en — 0) | = 1S lla — aollllFlle. 
and 


(4) Ilflle = 1/¢. 
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This proves that lL l| g=1/d. The scalar field ® being either 
R or C we apply the Hahn-Banach or the Bohnenblust-Sobezyk 
theorem to assert that f(x) can be extended by a linear bounded 
functional F(x) on S with F(y)=f(y) on G and | Fl] s=|Ll| G 
=1/d. Since f(x)=0 when x€E, and f(xo) =1, the proof is 
complete. 


THEOREM R. A necessary and sufficient condition that a se- 
sequence {b,} of vectors span the closed linear manifold E of the 
normed vector space S is that every continuous linear functional 
f(x) on S, which ts orthogonal to every b,, be orthogonal to the entire 
mantfold E. 


This can also be stated as follows: 

Given an arbitrary set B in the normed vector space S and an ele- 
ment yCS, a necessary and sufficient condition for y to be expres- 
sible as a limit of linear combinations, {p,\, of elements of B is 
that every continuous linear functional f(x) on S which is orthog- 
onal to B also be orthogonal to y. 

Proof: The necessity of the condition is obvious, for if f(x) =0 
when xC€B then f(p,) =0 as well and so f(lim p,) =f(y) =0. 

That the condition is sufficient follows from Lemma 2, for if 
y were not a limit of linear combinations ~,€B there would 
exist a continuous linear functional F(x) for which F(x) =0 when 
x€B while F(y) =1. 

Remarks. 1. The fundamental theorem of Chapter III, which 
constitutes the core of this paper, hinges very essentially on 
Theorem R. 

2. A more direct but computational proof of a theorem of F. 
Riesz, to which Theorem R is a corollary, is to be found in [4]. 
We have chosen to follow the present mode of exposition, in 
spite of the length of the preliminaries required, because it 
points up the essential concept of orthogonality and can be 
extended to vector spaces of a more general nature than the 
ones we have discussed. 


§4. Representation of Linear Functionals 


In [3] will be found the proofs of Theorems 5 and 6 which 
are too long to be reproduced here. 
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Notation. L,(a, b) designates the Banach space of all functions 
a(t) such that ?| x(¢)|?dt< 0, 1Sp< ©; a and 6 may each be 
finite or infinite. 

L.,(a, b) designates the Banach space of all functions x(¢) 
essentially bounded and measurable on (a, 6) (measurable in 
every finite interval when a and 6 are infinite) cf. examples, §1, 
this chapter. The symbols L, and L,, without indications of an 
interval will be taken to stand for L,(— ~, ©) andL..(— ©, ©) 
respectively. 


THEOREM 5. Every continuous linear functional f(x) on the space 
L,(a, b) can be represented by an expression of the form 


ere {i " (dye) dé 


where a(t) EL,,(a, b) and {|| =ess. up. bd. | (#) | E 


THEOREM 6. Every linear continuous functional, f(x), on the 
space L,(a, b), where 1<p<_~, can be represented in the form 


b 
Ha) =f xa(oat, 
where a(t)EL,(a, b), p-!+q-!=1, and except perhaps when L, is 
real and f is complex, the norm Il fl| = (f2| a(Z)| qdt) Va, 

In [3] Theorems 5 and 6 are proved for f real and a, 6 finite, 
but the passage to L,(—«, ~) (p21), f real or complex, is 
simple. Suppose first that f is real and defined on L, real, and 
define f, on L,(—n, n), (n>0) by fr(x) =f(xn), where x, is the 
extension of xG(—n, m) on (—, ©), ie., xn(é)=x(é) for 
t€I,=(—n, n) and x,(¢) =0 for tG@J,. From Theorems 5 and 6 
on L,(—n, n) it follows that f,(x)=J™ax(Aan()dt with 
an,cL,(—n, n), ||anl| =|| fall <|lyil. It follows also from 
fn(*) =fn4i(x’) where x’ is the extension of x on In4i, that on I, 
Qn(t) =On41(t) almost everywhere. From the continuity of f it 
then follows that, on denoting by x™ the restriction of xEL, on 
In, we have f(x) =limn.. fa(a™) = f* .x(é)a(t)dt with a(t) =an(t) 
for #€I,, and |lal|s||fi|. Since, by Hélder’s inequality : 
|f| Sllx||llal], we see that ||fl] =|lal|. 

It is now immediately seen that f(x) = /x(t)a(d)dt, with a€L,, 
for f complex, L, real or complex. 
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If f=0 then obviously a=0 (almost everywhere). If p=1 and 
f#0, then to each m’ with 0<m’<m=|la\| there corresponds a 
square C with sides parallel to the axes and center at me”, where 
6 is a certain real number, such that C lies outside the circle of 
radius m’ about the origin. There is also a set A of positive 
measure @ such that for *€A, a(t)EC. If x(t) =1 for t€A and 
x(t)=0 for t@A, then | F(x) | =| faa(t)dt Zam’ with \|x|| =a. 
Thus il =m’', which proves again that IlFil =|lal|. 

If p>1 and if f is either real and defined on real L, (a is then 
real) or is (real or complex) defined on complex L, then on 
choosing x(#) such that x(fa(t)= | a(#) | 7, we have | «(é) | P 
= | a(t) | »—-) = | a(t) | 2 and 


f(x) = fatwa = flat beat 


=( flew jar) ( io iar) 
- ( i alt) iat) ( ‘f "| n(t) pat) 


= |[2l| -[la], 
and again ||f\| =|. , 
If p>1 and if f, complex, is defined only on ZL, real, then it is 
not true in general that ||f|| =|la|. If, for instance, p=2, a(t) =1 


for 0<#Si, a(t) =7 for 1<¢S2, a(¢) =0 for tS$0 and ¢>2, then 
on setting f(x) = /".a(t)x(t)dt we have 


f(«) = ff xoa + if x(t)dt. 


That is to say, for x real: 


4 |? = ( if o(ddt) + ( ii x(t) 


sf eout f 2°(t)dt S || «l|?, 


and ||a|| = 2". We have therefore 
| f| S24] 21] [lel], and [fil = 2-"llall- 
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§5. Fourier Transforms 


With every function f(x) EZ, we can associate its Fourzer 
transform, S(f), defined by 


1 ic) 
Ry) SG) = o(4) = —= oe ***7( eda. 
(S) (f) = o(w) Wale f(x) 
$(u) is a bounded continuous function of the real variable u 
which approaches zero as u> + ©. The Fourier transforms of the 
functions of L; form the class A. The correspondence between A 
and L; is one to one: a function of Z; whose transform is zero 
vanishes almost everywhere. 
The Fourier transform can be inverted: to ¢(u)€A cor- 
responds 
il os} 
6 t) = ——=— {i e**"d(u)du 
(6) f() beret o(u) 
such that ¢(u) = S(f). The integral in (6) must be interpreted in 
some generalized sense (see, for instance, p. 14) when 6G J). 
Given two functions, fi(«) and fo(x), both GL, we adopt the 
symbol f; «fe to represent the function 


() FO) = f fy = aflode = [Ao - DAGas, 


which is also a function of Ly. F(y) =fi *fo=fe +f; is known as the 
“Faltung” or convolution of fi(x) and fs(x). Convolution is obvi- 
ously commutative and associative. A highly useful property 
of this operation is its conversion by the Fourier transformation 
into an ordinary product of functions €A. This we proceed to 
verify by computing S(f; * fo): 


——= F —iyud 
Vin ihe (yey 


= se femay [ s0 — x) fo(x)dx 


1 7? fe 
ae el} a J edt ek Pest 1 mdr 0 


= se fala [pores 
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All the integrals here are in LZ; and the inversion of the order of 
integration is justified by Fubini’s theorem. We have proved 
the important result: 


(8) S( fis fo) = V2 S(f1)-S(f2), (fu, fe © L1). 


The Fourier transformation, however, is not limited to the 
space J, in its applicability; it has been generalized to the spaces 
L, and Carleman, among others, discussed its application to 
functions f(x) for which 


f lsat = oc 2/9 as | «| — 0, (k > 0, constant). 


THEOREM 7. Given N(u)€A and D(u)€A such that: 

a) D(u) does not vanish in an open interval containing the closed 
interval [a, b], 

b) N(u)=0 everywhere outside [a, b]; 
then 


R(u) = N(u)/D(u) € A, 
R(u) =0 for uw€ fa, d]. 


Actually this is an immediate corollary of a more sophisti- 
cated proposition, viz., consider g(u) A which maps the finite 
interval a<u<b onto the curve L. If W(z) is a regular analytic 
function on £& there exists.a function R(u)€A such that R(w) 
=y[g(u)] in [a, 6]. 

The proof of these results appears in [4]. 

Next we shall view Carleman’s application of Theorem 7 to 
the study of the “divisors” of zero in a convolution. We agree 
to adopt the symbol Q(f) to represent the closed (when f€L1) 
set of points on the real axis R where S(f) =¢(u) vanishes. 

The Fourier integral S(f) of fEL1 can be split into the dif- 
ference of two integrals, 


(0) Si = =| [ce noas -(-f “eteyi(a)az)|. 


Under quite general conditions, even when fi (e.g. when 
Lif¢@O|dt=O(| x| *)), a meaning can be ascribed to this differ- 
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ence although the integrals involved may not converge. Thus 
Carleman considers the functions: 


(10a) F(t) = = if evint f(x) day, 
are (¢ = E+ in) 
(10b) FQ) = - se f cist f(a), 


which, providing | f(t)|dt=O(|x|*), are holomorphic in the 
upper half-plane 3(¢) >0 and in the lower half-plane 3(¢) <0 re- 
spectively. When fEJL, the difference 


(A) ad (a gee) ee a ee (n > 0) 


approaches $((€) = S(f) as 7-0. This limit, in an appropriately 
generalized sense, may also exist when f€L;. This amounts to 
performing an Abelian summation on the difference in (9). It 
is plain that when, across an interval (a, 8), Ft is the analytic 
continuation of F-, the difference (A) tends to zero in (a, 6) 
when 7—0. Furthermore this limit is approached uniformly 
relative to & in every closed interval inside (a, 8). The converse 
is also true. 

Now, if fi: and fe LZ; and fi *feo=0 it follows from (8) that 
S(fi)S(f2) =0; hence if on (a, B), S(f1) ~0 we must have S(fz) =0 
in this same interval. Conversely if S(fi)=0 on (a, 6) then 
S(fi *f2) =0 there also. 

From these remarks it is intuitively natural to expect the fol- 
lowing propositions to hold: if, without f belonging to Ly (e.g. 
fEL.), we assume fi; Li and S(fi) #0 on (a, B) and if fi «f=0, 
then the function F* in (10a) is the analytic continuation of F- 
across (a, 8). This is the meaning of Carleman’s lemma given 
below. Similarly, if fz does not belong to Ly (e.g. foEL.) and 
fic, while S(f1) =0 in (a, 8), then the function Ft, defined 
from f=fi*fz as in (10a), is the analytic continuation of F- 
across (a, 8) and vice-versa. This is the import of the lemma of 
Agmon and Mandelbrojt [14] which follows Carleman’s lemma. 
In these two intuitive propositions (made rigorous below) the 
limit of (A), where it exists, plays the réle of S(f). 


CaRLEMAN’S Lemna. If f(x)€L. is a solution of the equation 
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(11) Exf=0 


where K(x) GIy, then the function F+(¢) is holomorphic in the half- 
plane 3(f)>0 and the function F-(¢) is holomorphic in the half- 
plane 3(f) <0. Furthermore these two functions are analytic con- 
tinuations of each other across every closed interval in R—Q(K). 


Proof: R—(K) is an open subset of R. In any open interval 
I of R—Q(K) take the closed interval [a, c]; throughout [a, c] 
the transform 


1 i) 
12 w) = S(K) = — [ e- 24K (x)dx 
(12) g(u) (K) eA ee (x) 
never vanishes. 


Define the function y(u) EL, as follows: 


(6 — u)(u — a) fora<u<b,b€ [a,c], 
a) ie { 0 for u & [a, bd]. 


Because of Theorem 7 there exists a function p(x, b) Gli, such 


that 
1 eye) 
—izudy, 
H(z, 8) = ssell on 


Multiplying equation (11) by this function and integrating 
yields 


(14) [iu idx [ K(« — t)f(t)dt =-0, 


where, the integrand being absolutely integrable, we may invert 
the order of integration. Thus (14) becomes 


ie "flat ie ee ae 


’ (b — u)(u — a) ane 
“We "float tlre K(x — ide J in 


=F Lf? f()at [ts pte co Ale) Oe). 5 au f K(x)e-i“(e+9dx=0, 
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and this, by (12), simplifies to 


(15) f soa f (u — a)(b — ue 'du = 0. 

The holomorphic functions 
(10a) Ft) = f emnnat, 3(¢) > 0, and 
(10b) F-(0) = feta a) <0 


are majorized in their respective half-planes of regularity by 
(ess sup || = M) 


ut [exp [t5(¢) |dt = a » and at [exp [t5(¢) |dé 


5(6) 


The associated functions 


2 M 
snl sey 


t 
A+) = f © -2)@—@F*(@)ds, and 
(16) : 


f 
A) = [ © -d6- OF @d 
are holomorphic in 3(¢) >0 and 3(¢) <0 respectively. 


The integrals in (10a) and (10b) are absolutely convergent 
and the order of integration in (16) may be inverted to give 


0 tg 
AO =f pod [ewe — ae = 2), 3(¢) > 0, 
(17) ‘ : 


co) i 
A= — f sar fee ay(g — 2, a(¢) <0. 


These functions tend to continuous finite limits when ¢ ap- 


proaches a point on the real axis because (when #0 and 
5(¢) 20 or £20 and 3(¢) <0) 


is 3 
(18) Le e#t(g — a)(f — 2) < eee (c = constant), 
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as can be verified by integrating by parts. Indeed, If| being 
bounded, (18) proves that At+(¢) and A~(¢) are uniformly con- 
tinuous in any closed bounded region in the closed half-planes 
3(¢) 20 and 3(¢) $0 respectively. In particular, A*(b) and A-(b) 
fe aes and equation (15) simply means that, for all } in 
ret, 


A+(b) = A-(b) = 0. 


This proves that A+ and A> are analytic continuations of 
each other across [a, c]. The same property holds for F*(¢) and 
F~(§), since it is trivially verifiable that 


9 


dg? 


A*(¢) = (¢ — a)F*(f), and 


d 
spe ALY fleet ( oat) ag 


What has been done in one open interval J can be repeated 
in every open interval of R—Q(K). 

As an application of Carleman’s lemma we have another re- 
sult concerning division: 


Lemma [14]. Given KEL, foCLa, let 
(19) f(%) = fox K. 


Then, tf &(K) contains an interval (a, B), each of the functions 
F+(¢) and F-(¢) related to f(x) by (10a) and (10b) ts the analytic 
continuation of the other across the interior of (a, B). 


Proof: Notice first that f(x) is continuous and EL. so F*(¢) 
and F-(¢) exist and are holomorphic in 3(f)>0 and 3(¢) <0 
respectively. 

The proof consists in exhibiting a function 69(x) GL, such that 
f *59=0, and whose Fourier transform S(éo) does not vanish 
in (a, 8), while it is zero everywhere else. Since Q(K) is a closed 
set containing (a, 8), Carleman’s lemma yields the result: Ft 
can be continued analytically across (a, 8) into F-. 

Consider the “triangular” function A(x) defined by: 
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1—|«| for |«| <1 
A(x) = { 
0 for | «| ea be 
it is the Fourier transform of} 
x 
sin? (=) 
5(x) : 
= —— . 
/ it “* 


Therefore, if y=(a+)/2 and 1=(8—a)/2, it follows that 


cee. 7! 


Ao(x) = a( ) = S(5o(x)) = S(le6(Ix)). 


Now 40(x) =O(x~?), as | x| —o, so we may write 
: fed er for K : bo K 
Vis ae 5 o*/o* sr hk ie 


From (8) we get S(60*K)=Ao(u)S(K); this, however, is 
identically zero, implying that f *69=0. 


II. FUNCTIONS HOLOMORPHIC IN A STRIP 


In this chapter we reproduce and extend various results most 
of which have already appeared elsewhere [12, 17]. The author 
has made extensive use of them for the solution of many prob- 
lems (asymptotic representation, quasi-analyticity, moment 
problem, etc.). 

The following theorem is a particular case of a proposition due 
to Szegé (whose hypotheses do not include continuity on the 
circumference) : 


THEOREM 1. Let $(£) 40, be bounded and holomorphic in the 
circle lt | <1 and continuous in lg | <1 except perhaps for the 
point ¢=1. Then 


[v0 | o(e#) | da > — o, 


Indeed, let | oc) | <M and suppose the origin to be a zero of 
order k; set 


$(f) 
V9) ae Mee ’ 
then ¥(0)#0 and |y¥(¢)| $1 in |¢| <1. Applying Jensen’s 
theorem we find 


J 108 | voce) | doz fi tox | woes | a 


= In log | ¥(0)|, (p < 1,e< 7). 


(1) 


Now, according to the well-known lemma of Fatou, if f(x) 
=0 (all ) are integrable on (a, 5), then 


6 b 
f lim inf f,(#)dx S lim inf if jm Baes 
thus, in (1), we may let p—1 to obtain’ 


2r—e 
f log | v(e#) | d0 2 lim sup if 
€ (om 


€ 


2a— 


“Tog | Hoe) | do 


> In log | ¥(0)| > — &. 
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We need merely let e—0 to have the proof complete. 

Let f(w), (w=u+7v) be holomorphic and bounded in the half- 
plane u>0 and continuous in u20. The circle | ¢| <1 is mapped 
onto u>0 by the function w=(1+¢6)/(1—$) so that $(¢) =f(w) 
satisfies the conditions of Theorem 1. Since ¢ =e* corresponds to 
u=0, v=cot 0/2, Theorem 1 is translated into 


THEOREM 2. If f(w) 40 is bounded and holomorphic 1n the half- 
plane u>0 and continuous in u=0, then® 


ip Tog SU see oan f log: | ee 
2 pu y2 


v 


The function w=e* maps the strip | y| <a/2 of the z=x+1y 
plane onto the half-plane u>0, consequently the above theorem 
can be adapted to such strips: 


THEOREM 3. When F(z) 40 1s bounded and holomorphic in the 
strip |y| <a/2 and continuous in | y| Sa/2, then 


oy 7 
[08 F(e+i2) 
2 
fvme(-= 03) 
(0) — —— 
g x < 


Taking f(w)=F(log w), this is seen to be equivalent to 
Theorem 2. 

Our purpose being the study of functions holomorphic in 
strips of non-constant width we shall state this last proposition 
in a weaker form which will be generalized to strips of a fairly 
irregular nature. 


e*dx > — ©, 


(2) 


e*dx > — o, 


THEOREM 4. If F(z) satisfies the hypotheses of Theorem 3 and 
af N(x) 1s a non-decreasing function such that 


log | F(x + iy) | <s — M(x), 
then 


i} N(x)e-*dx-< be. 
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Prior to proving an analogous proposition for strips of vari- 
able width we shall derive some important results on conformal 
mappings. : 

Consider two functions G:(c) and G,(c), positive and continu- 
ous for ¢>092—© and such that lim... Gi(co)=Gi<o, 
limes. G2(¢)=G2< «0. Let A, be the region of the s=o+it 
plane defined by: 


As: @¢ > 60, — G2(o) < ¢ <Gi(o). 


2=2(s) =x(s)+7y(s) designates a function which maps A, con- 
formally onto the domain D,: ly] <a/2 in the z plane, and 
which is such that lim,...x(s) = ©. s(z)=o(z)+7t(z) is the in- 
verse function of 2(s). 


Set 
x(c) = inf a(o+ it), (oc) = sup x(o + it), 
—G,(0)<t<G, (c) —G, (0) <t<G, (o) 
a(x) = inf o(x+ iy), s(x) = sup o(x + iy), 
lyl <x/2 lyl <w/2 
and 


G(o) = Gi(c) + G2(¢). 


We next prove two special cases of two now classical theorems 
of Ahlfors [1]. The proofs are adaptations of those used by 
Mile. J. Ferrand and L. Dufresnoy for the general theorems 
[5, 5a]. 


THEOREM 5. If 01 and a2, (a9 <01 <0») are such that 


(3) eee. 
o1 G(c) 
then 
ae = £(01) = pee — Ar. 
_ 7 o1 G(c) 


Let w(c) =%(c) —x(c); the image of the segment —G2(c) <é 
<Gi(c) of the vertical line with the abscissa o has a length at 
least equal to (w?(a) +77) !/?, i.e. 
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Gi(c) 
(wo) + w?)'?S f | 2’(o + it) | dt. 
—G2(c) 
This, by Schwarz’s inequality, becomes 
w? + 2? < (Gi(o) + G2(c)) 5 a'(o + it) |2d¢ 
—Go(c) 
Gi(c) 
= G(c) f | 2/(o + it) |2dt, 
—G2(7) 
and it follows that: 


iE w*(o) ree 72 do 
«, Glo Ge 
(4) (c) (c) 


o2 Gi(c) 
< if - Hf | (0 + dt) |Pat. 
7 —G2(e) 


The double integral on the right gives the area of the map, 
under z=2(s) of that part of A, located between the vertical 
lines with the abscissae o; and og. This area must be <7(#(o2) 
—x(01)), so (4) gives 


72 w°(o) ey pe: do 
f ey I Ga m(&(o2) — «(1)) 
= 1[x(o2) — #(01) + w(o2) + w(o1) J; 


hence 


a2 do 22 w?(¢) 
5 9) —— (Gig) eae 0 — W(d2) — &(0}). 
(5) a(e3) = &(o,) = (begga Si (o3) — alas) 


Now (3) implies the existence of of and of where o,<o/ 
<oz <a, such that 


“ if | Te 4 in eS 7 


Then if we set 


ay 1 w(t) “ 
in(a) = — if ay tO 
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1 aed (9) 
eh =) aot 8 


(5) may be altered to 
(7) x(o2) — #(o1) = fo _— + hi(o1) + hao). 
oF «, G(c) 


Next, we shall prove the existence of 6 with o1<6;<a/, for 
which /;(¢:) 2 —7. Indeed, assuming the contrary would give 


w*(t) 
G(t) 
so that, letting $(¢) =i(c) +7+(c), we would also have 


— r$'(a)G(c) = w°(c) > $%(c), 


or in other terms: 


eee 
(a o(c) i $7(c) G(c) 
so that 


ip = - “fo (So) : Aten S Fil 


=1 


1 
Ii(o) + r+o(o) =oer+ —f dt < w(c), 
us o 


= <i 
$(01) 


which contradicts (6). One proves similarly the existence of 
02, (oz <0» <2) for which h2(G2) = SF | Tie 
In (7), substituting o; for 0, and o2 for a2 ,we obtain 


(8) x(G2) = %(61) Pes iE Glo) — Ir 
Now, obviously, x(¢2) — £(1) >x(¢2) —%(¢1), and (8) yields 


o2 


1 G(c) 


— 2r 


x(2) — &(01) 27 
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72 do “1 do o2 | —2 
So eee G(o) 


“2 de 
T f — Ar, 
a G(o) 


1 


IV 


which we had set out to prove. 
As we are dealing with conformal mappings it is 's plain that 
x[e(x)]Sx and «[o(x)]2x, ie. x[#(x)]—#[a(x)]S0, so by 


Theorem 5 we must have 


a2) dg 
ey IE G(c) aa 
Recalling that lim G(¢) =Gi+G2.=G, (9) gives 
a(x) — a(x) S$ 4G + o(1), (x «), 


so that for any |y,| Sa/2 and | yo| Sa/2: 
| o(@ + in) — o(@ + ie) | S 4G + e(x) 


where e(x)—>0 as x>+ ~. 
The second theorem of Ahlfors, in a restricted form, now fol- 
lows: 


THEOREM 6. Let Gi(o) and G2(c) be positive and continuous for 
o2092—%. In addition, let these functions be of bounded varia- 
a (c)| <o,and wt dG.(c) | < «, and let lim,.4. Gi(c) 
=G,>0, lim,.4.G2(¢) =G2>0. Then there exists a constant, C, 
such that, for sufficiently great 0, and o2>0,>0», 


do 


(10) (oo) — x(o1) < “fo a “4 


Proof: Consider the variation V(c) of G(c) from oo toa>ao 
and the constants V>V(c), L>G(c) (for sufficiently large o), 
and 6>0 such that G(¢) 26. 

Let I’, designate the image in A, of the vertical segment of 

D, whose abscissa is x; let A(c) be the area of that part of A, 
wath abscissae between c¢ and a, (c, constant, >oo). Let a(x) 
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be such that A(a(x)) equals the area of the portion of A, en- 
closed by T', and the vertical line c=c. The greatest lower 
bound of the lengths of the arcs connecting two points, one on 
the upper boundary curve t=G;(c), the other on t= —G,(o), 
and which intersect the vertical line with abscissa o will be 
designated by m(c). The vertical line o=a(x) intersects I,, 
consequently m(a(x)) cannot be greater than the length of I,. 
This we write as 


m(o(x)) < f 


x/2 

s'(x + ty) | dy, 
{2 
and, by Schwarz’s inequality, 


(11) m*(a(x)) S “f 


ax/2 
| s'(% + ty) [?dy. 
/2 


A(a(x)) is the area of a portion of A, which is the map of 
D(x)CD,. D(x) is clearly the part of D, bounded by the map of 
the line ¢ =c in A, and by the vertical line with abscissa x; there- 
fore we have 


Ala) = f ie | s"@) |tdxdy, 


and 
d De sy -») [2g 
7,1) =f leer iy) |?dy, 


which, with (11), yields 
d 
m*(a(x)) S t — A(a(x)). 
dx 


Since A’(a) =G(c), a(x) is differentiable; we then find that 
dA(a(x)) da(x) 


da(2) 7 = 1G(a(x))a’(x). 


m(a(x)) Sr 


Since a’(x) is positive, the inverse function x(a) of a(x) is well 
defined and we may write 
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dx S mG(a) 


da m(a) 


which, integrated from x; to x2, (*2>41), yields 


(22) G(a)da 
(12) Co rf 5 
a(x) (a) 


Recalling the definitions of o(x) and o(x) it is clear that 
a(x) Sa(x) a(x), so that from (9) follow the inequalities: 


a(&(o2)) — o2 S o(&(o2)) — o(&(o2)) < 4L, 
a(%(o1)) — o1 2 o(&(01)) — (#(01)) > — AL. 


These, with (12), taking o; sufficiently large, imply 


a(z(o2)) G(q) ot4L  G(q) 
rf das rf — da 
@(2(01)) m?(a) o—4L (ax) 

°2 G(a) 8rL? 
= rf d 


a 
1 m*(a) 3 


IIA 


&(o2) — x(o1) 
(13) 


, 


while one may also write: 


1 


“2 da rR 
= ip G(a) =e ie Ip (G(a) — m(a))da. 


(14) 


It is obvious, on a diagram, that the sum of the variations of 
Gi(o) and G.(c) in (a—L, a+L) dominates G(a)—m(a), i.e. 
that 


G(a) — m(a) S$ Via+ L) — Via — ae 
Consequently 


(15) f (G(a) — m(a))da < f- (V(a + L) — V(a — L))da 


= 4LV. 
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Combining (13), (14) and (15) we have (10). q.e.d. 

Now, let o:=02=¢ in (10); this shows that, under the hy- 
potheses of Theorem 6, there exists a constant, M, such that, 
for o sufficiently large, we always have 


(16) | x(o + it) — x(o + it)| < M, 


whatever the values of # and fz, providing —G.(c) <t,<Gi(c) 
and —G,(c) <h <G,(¢). 

Also from (10) follows the existence of two constants M, and 
M2 such that, o; and o2 being sufficiently large, we have 


(17) | (a2) — x(o1)| < My| o2 — o1| + Mo. 
Keeping the notation so far used, we may deduce from 
Theorems 5 and 6 the following lemma: 


LEMMA 1. Given two positive, continuous functions Gi(a) and 
G2(o) of bounded variation for cZzoo=2—%, for which 0 
<lim,.. Gi(o) and 0<lim,.., G2(o), and setting 


(18) S(o) = ae (G(u) = Gi(u) + G2(u)), 


G(u) 
where c 1s constant, c>do, then 
(19) x(a) + O(1) < S(c) < (oc) + O(1) 


asa—>+o. 
Indeed let o;=c and o.=¢ in Theorems 5 and 6. 
Keeping the notation used so far we can now state and prove: 


THEOREM 7. For every €, where 0<e<7/2, we have uniformly 
with respect to y when | y| S7/2-«, 


lim Sut s(z) = i. (G = Gi a Gs == lire (Gy (c) + G2(c))). 
oe dz T Cd 

Indeed, the harmonic function t(x+7y) —Gy/m is continuous 
and bounded on the boundary of D, including the point at in- 
finity (x) where it vanishes; consequently this function 
tends to zero uniformly for | y| S7/2, as z€D, approaches the 
point at infinity (vx). Thus 
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aN s<) 
es) ie" (lois 2 ; 


(20) lim t(x + iy) = 


Consider the rectangle Ro: |y| <7/2, |x|<a<, (a>0, 
constant). For every h>0 define: 


Si(z) = s(z + hk) — s(h). 
By (20) we obtain, uniformly in Ro, 


? 


yG 
(21) lim 3f,(z) = lim [é(x + h + iy) — i(h)] = 


so the f(z), (420) form a normal family in Ro. We also have 
fx(0) =0. The family is therefore also bounded and (21) gives 


Gz 
lim fi(z) = — 


hoo 


uniformly in every closed set Ri inside Ro. Therefore, through- 
out Ri, we also have 


G 


T 


d 
lim f(z) = lim — s(g + hk) = 
ho © dz 
The function S(¢) being defined by (18), and setting oo(x) 


plete =Rs(x+17/2), we can prove the following result 
121 


Lremoa 2. If N(c) 1s a non-decreasing function, the relation 
(22) f N(o)eS@dg = 0 
implies the relation 


(23) f- Nooulx))er*d = ©, 


Indeed, because of (9), we have for sufficiently large x, when 
y>4G 


(24) oo(x) — ¥ < o() < oo(x) + ¥. 
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Now, by Theorem 7, do(x)/dx is an increasing function for x, 
sufficiently large; we may consequently rewrite (22) as 


(25) [Neola = Neseo-vda(2) = =. 

From (9) and the relation lim G(c) =G>0, we find: 
(26) S(oo(x) — y) = S(oo(x)) + ~, — (p constant), 
while the inequality on the left-hand side of (24) shows that 
(27) S(o(x)) 2 S(oo(x) — ), 
and hence, by (26) and (27), 
(28) S(a(x)) 2 S(oo(x)) + 2. 


N(c) is non-decreasing, so the inequality on the right-hand 
side of (24) combined with (28) implies 


(29) il N(oala))e 8 do(a) — wo, 
This, on application of Theorem 7 and (19), yields 
i N(o0(x))e*dx = ~, 


which we wished to prove. 

We can now prove the promised generalization of Theorem 4 
to functions holomorphic in strips of variable width. It was first 
given by Mandelbrojt and MacLane for symmetrical strips 
(Gi(c) =G2(c)); Mlle. Ferrand later pointed out its validity for 
non-symmetrical strips [6]. 

THEOREM 8a. Let F(s) be holomorphic and bounded in the 
closed region A,: 0200, —G2(a) St SGi(c), where Gi(c) and G:(c) 
are positive continuous functions of bounded variation such that 
lime. Gi(o) =Gi>0 and lims.. G2(o)=G2>0. Let N(o) be a 
non-decreasing function such that on A,: 


log | F(s)| < — N(e). 
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Let c>oo be constant, and set (G(o) =Gi(o) +G2(e)), 
odd 


S(o) = 7 Glo) . 


Then, tf 
f N(c)e8de = &, 


the function F(s) vantshes tdentically. 

Indeed, take #(z) = F(s(z)), s(z) being defined above. Then 
= log | (x + in/2)| = log | F(oo(x) + iGi(oo(x))) | 
: = 72 N(o0(x)), 


where, as before, oo(x) =o(x+17/2). 
¢(z) is holomorphic and bounded on the closed strip | y| S7/2, 
so that by Theorem 3 this function must either satisfy 


[v0 | d(« + ix /2) | € ds > 
or else be identically zero. By (30), this last inequality gives 
[ Neousyeaz < ow, 
and so, by Lemma 2, 
f “N(o)eS@do < «0, 


This contradicts the hypotheses; hence ¢(z) and F(s) vanish 
identically. q.e.d. 


It should be noted that the following Theorem, analogous to 
Theorem 8a, is true. 


THEOREM 8b. The conclusions of Theorem 8a remain valid when 
the hypotheses on Gi(a) and G.(c) are replaced by the following ones: 

Gi(a) and Go(c) are bounded above and below by positive con- 
stants. They are differentiable and 
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(31) f | Gf (c) |2do <2, f lacre| <0, (7 = 1, 2). 


The proof of this result requires the following condensed and 
particularized version of three theorems of Warschawski [20] 
(see also the already quoted work of Mlle. Ferrand). 


THEOREM 9. If Gi(a) and G2(c) satisfy the hypotheses set forth 
im Theorem 8b the conclusions of Theorems 5 (the constant 44 
being replaced by another constant) and 6 remain true and, setting 


2g(c) = (Gi(o) —G2(c)), we have 


(32) gl 


on AY 


G(c) = =, 


untformly in every domain :s 


pe) 


33 
(33) Go) 


<y <4. 


By means of Theorem 9 we can still prove Lemma 2. It suffices 
to replace a(x) in (25) by o;(x) defined by the relation 
R(z(o,+7¢(01))) =x. Since (32) holds in the domain (33), 
do;(x)/dx is also positive for x sufficiently large. The proof of 
Lemma 2 can then be carried through with the aid of the in- 
equalities in the conclusions of Theorems 5 and 6 which are 
valid in the domain A, defined by the new curves t=G;(c) and 
t= —G,(c). Theorem 8b then follows in quite the same way from 
Lemma 2 as does Theorem 8a. 

Theorems 8a and 8b will be required in the sequel for the dis- 
cussion of properties of closure. We shall apply them to the de- 
termination of associated functions. 

Consider a closed set E on the real axis R in the complex 
z=x-+1y plane. If E=R we designate by Ag the upper half- 
plane: y>0. If £ is not the entire line R, Ag represents the part of 
z-plane left after the removal of the set E. 

Let M(r) be a positive function defined for r>0. M(r) 1s said 
to be a function associated with the set E, if every function $(z) 
which is single-valued and holomorphic in Ag and satisfies there 


the inequality 
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(34) | (2) | Sees 
| »| 


1s tdentically zero. 

Obviously for the upper half-plane may be substituted the 
lower half-plane in the above definition of Ag when E=R. 

It is also perfectly clear that when M(r) is associated with E; 
it is automatically associated with every set E,C F;. With the 
aid of Theorem 8 we shall now derive some criteria for the de- 
termination of functions M(r) associated with certain given 
sets. These criteria are couched in the form of lemmas to be 
applied in later chapters in proving certain theorems. 


LEMMA M,. A constant ts associated with the void set. 


Indeed ECR being the empty set A, Az is the whole z-plane. 
Let $(z) be an entire function and satisfy 


M 
| o(z)| Ss ’ M constant. 
| »| 
For h>0 anda real, da,8(2) = (g—a)(z—8)¢(z) satisfies the in- 
equalities 
| da-h,atn(@ — h+iy)| S M | 2h + iy|, 
eee Peene) +ht iy)| < = a 2h+ iy|, 


| a—nara(a + iy) | ST lake iy, (|x—a| <b). 


Therefore, on the boundary of the rectangle | y| =2h,a—hsx 
<a+h we have 


| ba-n,ara(z) | S 4Mh, 
which shows that, for || <h, we have 

| o(a + iy) | S 4Mir-", 
Then, for all y: 
(35) | o(@ + iy)| S$ 4Mir, 
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Since h is arbitrary, we have ¢(z)=0. This proves that M is 
associated with E=A. 


LEMMA M3. Every non-increasing function M(r) for which 
(36) -f log M(e’)e~ds = « 


4s associated with the entire real axis: R. 


Here Ag is the upper half-plane: y>0. Suppose, therefore, 
that 


M 
oes y >0, 
|| 
¢$(z) being holomorphic for y>0. When y2=1 we have 
| 2) | S$ M(|z]). 


If z=ie, (|t| </2) then the function F(s) =$(ie*) is holo- 
morphic in the domain A, defined by 


|¢] S arccose”*, (¢20, |t| < 2/2), 
and in this region 
log | F(s) | S — log M(e~”’). 


Now, writing Gi(o) =G2(c) =arc cos e~’, we find 


cs du 
G(c) = 2Gi(c), S(o) =7 Gla ) 
7 1 1 
S(@)—a=nf (5 -—)a- 1 = 00, (c— ~), 


So by Theorem 8a, F(s)=0. q.e.d. 

Before establishing a sufficient condition ensuring that a 
given function M(r) is associated with any given closed set 
ECR we define the h-covering, Ex, of E to be the set £, 
=Uzez[x—h, x+h]; thus E;, is the union of all closed intervals 
of length 2h centered on the points of £. 
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We recall that the characteristic function $(x) of the sete ACR 
is defined as 


fs foriaie A 
we) = 0 for « € @A = complement of A with respect to R. 


Lemma M3. Let E be a non-void closed set on the real axts. 
Let E, be an h-covering of E, where h is a positive constant, and 
let h(x) be the characteristic function of CEn 

Let u(x) be continuous on R, bounded positively below, and of 
bounded variation, and let 


u(x) S 4+ 6(x) + Bo(x)o(—x), (constant B > 0). 


Every non-increasing function M(r) for which 


(37) — ff r08 M (e’) exp | - (—s_ do = 


1s associated with the set E. 


Proof: Lemma Mz is a particular case of this, for with E=R 
it suffices to choose u(x) =1/2. Let us therefore suppose E to be 
neither the empty set nor the entire line R. 

There is no loss of generality in choosing h sufficiently small 
for CE, not to be empty, for otherwise u(x) $1/2, and we would 
necessarily have 


-f log M(e’)e~"do = ~, 
which would, according to Lemma Mz associate M(r) with 


E,=R and so with EC E,. Let D be the set 


D= U A(z, h), 
zk 
where A(x, i) is the open square centered on x with the edge 2h. 


Consider ®(z) holomorphic in Ag and satisfying there the 
inequality 


M(|2|) 


| | 


| &()| s 
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When 2|a| > and a€CEy2 we have ? 


(38) | (2+ iy)| < 877 u( a| — -), 


This follows from (35) where M({\a| —h/2) is substituted for 
M and h/2 for h, for these substitutions in the computations 
leading to (35) give (38). Consequently we have, on (@D (the 
complement is taken relative to the entire plane), 


(30) [a| = zu(l2l), 


here L is a constant and the number e may be replaced by any 
constant >1 at the price of a simple alteration of L. 

For arbitrary real x-let C, be the part of the circumference of 
the circle with radius | x| and center the origin, which contains 
no points of D; let 


Ret): HEAT P), 
2€ (CE, 


P being the half-plane x < —h. 
From the validity of (39) on @D it is immediately clear that 
on A we have 
| r| 


(40) | B(z) | <= 11M (—), (LZ; constant). 


€ 
Taking z= —ie* we see that F(s) =®(—ve*) is holomorphic in 
the domain 
As: ¢ 2 oo, — G(s) <t <Gilo), (oo constant), 
where 
Gi(c) = wu(e’) — arc cos (he~”), 
G2(o) = ru(—e’) — arc cos (he~”), (0 < arc cos he < 1/2). 
Furthermore, in A,: 
(41) | F() | S$ aM (e"), 
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since A, is contained in the map, under z= —7e* of A (repeated 
with the period 277). 
If, c being an appropriately chosen constant, 


¢ 6dr 
Steen if By? OW) = Gale) + GED) 


we have 
s@) ~ f° "= 00), ase 
Paes = , ase : 
e  u(eT) + u(—e’) 
Hence (37) may also be written as 
(42) _ f log M(e7)eS@da = o. 
With (41) and (42) we can then apply Theorem 8a, which 
yields 
F(s) =0 andhence &z) = 0, q.e.d. 


LemMMA My. In Lemma M3 the condition that u(x) be of bounded 
variation may be replaced by the following hypothesis: 


u(x) 1s continuously differentiable, xu'(x) 1s of bounded varia- 
tion® and 


[lel wees Paet 


—cO 


Indeed, in this case Gi(o) =u(e’) and G2(c) =u(—e’) have 
continuous derivatives which satisfy 


[lee Pas < « and cola (j = 1, 2). 


We may then apply Theorem 8b in the same way as Theorem 
8a was used to obtain the conclusion of Lemma M3. 


III. CLOSURE THEOREMS 
§1. Simple Closure Theorems 


Having disposed of the indispensable preliminaries we are now 
in a position to enter into the subject with which we are prin- 
cipally concerned. 

In this paragraph we shall operate in the function space 
L,(— ©, ©), designated as L,. Convergence in L, and the norm 
in L, were discussed in Chapter I. Most integrals which arise 
being taken over the entire real axis, there is no risk of con- 
fusion in writing f for /7&. 

The translations f(x+&), & constant, of f(x) ELy, (1S p<) 
span a closed linear manifold r(f). In accordance with §3, 
Chapter I, ¢(«)€7(f) means that ¢(x) is the limit in L, of 
linear combinations of translations of f; ie., to every «>0 
corresponds a finite integer m(e) such that 


loo a > ae 1 C + fy) << €, 

po] 
where £1,n, £2,n, °° * » n,n aNd 1,n, Gen, °° * » Onn are Constants 
the & being real, and | || is the norm in L,. 


The following theorem, now classical, is due to N. Wiener 
[21]. 

THEOREM W. A necessary and sufficient condition that r(f) =Lh, 
where fELy, ts that the set Q(f) of the zeros of the Fourier trans- 
forms S(f) of f, be void. 


The sufficiency of this condition follows from Theorem R and 
Carleman’s lemma. 

In the general case, when Q(f) is not assumed empty, a neces- 
sary condition that ~Er(f) is that QW) Q(f), where p and 
f€L,. S. Agmon and the author, in a joint paper, have given 
conditions which, with Q(~)DQ(f), suffice to ensure that 
~Er(f) for y and f both in L;, [14]. These conditions bear 
either on the intersection of the boundaries of the sets 2(Y) and 
Q(f) (e.g. it is enumerable. cf. [14, p. 7], or, for instance, on the 
rate of growth of y, (x~ELi). 
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Now, let f be an infinitely differentiable function on the en- 
tire real axis (for short: fEC*) and let f™(x«)EL»y, (n20). 
Given a sequence ; MZ st of non-negative numbers, we say that 
fEL,{M,} if ||f>|] SM, (120). 

The sequence of functions { f™(x)} then generates a closed 
linear manifold 6(f) in L,. Every function ~(x)Gé(f) is the 
limit of linear combinations of a finite number of f(x); i.e., to 
every €>0 corresponds a finite integer (e) such that, in Lp, 


<€, 


Ke = & Pra) 


the b,,, being constants. 
The following lemma is immediate: 


Lemma 1. If f™EL,, (OSnSm), then f™Er(f), (OSnSm). 
In particular when f™ €Ly, (n=0), then 6(f)Cr(f). 


Following Theorems 5 and 6 of Chapter I, the linear func- 
tionals L, are in one to one correspondence with the functions 
L,, (1/p+i/q=1 when 1<p<o, g=o when p=1). By 
Theorem R this lemma will be proven if we show that all func- 
tionals on L, which are orthogonal to r(f) are also orthogonal 
to f™. 

Assume then that h(x) EL, satisfies 


(1) f*eh =0. 
Since 
d” d"f 
*h) = *h = 0, 
dx” (f+ h) ax” 


we have the result. 
The converse statement, however, is not necessarily true. 
Although fEC* and f™ EL, for all , one cannot, without 


further hypotheses, be certain that for every real constant a, 
one has 


(2) S(# + a) € 4(f). 


After establishing some results we shall be able to character- 


ize certain classes Lp{ M,} for which 6(f)Dr(f). 


Closure Theorems 39 
LEMMA 2. Let fEL, and f’EL,; then, for every real constant a: 
He ap fe) (7°): 


The principle of the proof is the same as that of the previous 
lemma. Let hEL,, (1/p+1/q=1) and f’ «*h=0. 
Then 


frh=ce, 
where c is constant. Consequently, for every constant a we have 
[f(a + a) — f(x)]« h(x) = 0. q.e.d. 


The classes L,{ M,} for which 6(f)=7(f) are characterized 
by: 
THEOREM I. Given the positive sequence { M, a and setting 
C(c) = l.u.b. (no — log M,), 
n=O 


@ necessary and sufficient condition for (2) to be true, for every 
function f EL,{ M,} and for every real constant a, is 


mC) if Vs 


The necessity of this condition (3) is to be taken in the sense 
that any class L,{M,} for which 


(4) [credo <0, 


contains a function f(x) such that for some real constant a, 
f(x+a)€6(f). In view of Lemma 2 the sufficiency of condition 
(3) for the conclusion of this theorem derives from the follow- 
ing proposition which adds an interesting precision to our 


assertion. 
THEOREM II. If condition (3) is satisfied, we have r(f’)Cd(f’’). 


Again Theorem R and Theorems 5 and 6 of Chapter I come 
into play. Let h(x) EL,, (1/p+1/q=1), be such that 


40) General Theorems of Closure : 
(5) fs O)Woray = 0, (n = 2). 
It then-follows that for every real a 
(6) [Pot any)ay = 0. 
Indeed, write 
A(x) = f fle + ho)dy, 


so A(x) €C* because fEC* and, applying Hélder’s inequality 
(where (J|h|%)¥2 is replaced by ess. up. bd. || when g=~, 


p=1) we obtain 
(fire jaz) "( f li@) idx)” 


kM, (n = 0). 


| A(x) | 


IIA 


I 


(5) is equivalent to 
A™(0) = 0, (n = 2). 


Condition (3) (which may be written {* log T(r)r—2dr= 0, 
where 7(r) =l.u.b. (r”/M,)) is a necessary and sufficient condi- 
tion for the class C{M,} to be quasi-analytic. It follows that 
A'(x) =c, c constant. Thus A(x) =cx-+d while | A(x) | <kMo, so 
c=0, and that proves (6). 

We have shown that r(f’)Cé(f”). 

Lemma 2 states that f(x-a) —f(x) Er(f’), so that finally we 
are assured that condition (3) ensures that, for every real con- 
stant a, f(x+a) is the limit in L, of linear combinations of the 
form f(x)+ Qos bf (x). 

Now, let (4) be satisfied. We shall construct fEL,y{M,} for 
which f(x+a)€6(f) for some a. Now (4) gives lim Mi/"= «, 
(see [9]). Designate by {log Mi: } the convex regularized se- 
quence of {log M i By changing, if necessary, at most a finite 
number of M, we may make WM increasing. Since we also 
have C(c) =1.u.b.nz0 (no —log M%), we know by (4) that there 
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is a not identically vanishing function g(x) such that g(x) =0 
for x&[0, 1] and | 2 (x) | = MS os (2 2): 

Let f(x) = g(x) —g’’(x), so |f™(x)| <2M¢<2M,, f(x) 40, while 
f(x)=0 for x€&[0, 1]. Let G=S(g) and F=S(f); then F(u) 
=(1+w)G(u). Since’ 1/(1+u?)=S(/2re-!#!) and, since 
G(u) EL, we may apply relation (8) of Chapter I to obtain 


F 
1 ee sieht eels 


G(u) = 
In other terms 


g(x) = f me+ yjeluldy, 
Taking any a for which g(a) +0 we have simultaneously 
g(a) = fs + aje“!*ldx 40 
and 
g™)(0) = fre@etiax = 0, 


It is plain, by Theorem R, that f(x+a)€6(f). Since f(x) EL,, 
(1Sp8 0), our result is proved. 

Remarks. 1) All the resultsof this paragraphextend to functions 
ECc{M,} (Le, fEC*, | f | <k"M,, (n20)). Here, however, no 
convenient norm is available, the convergence relations hold 
in the sense that there is uniform convergence on every bounded 
interval CR. The proofs of the Lemmas can be made more 
direct. The proofs of Theorems I and II remain the same in 
principle, for Theorem R is valid in locally convex topological 
vector spaces, h(x)dx is replaced by du(z), u being a measure 
identically zero outside a finite interval. For properties of con- 
vex topological vector spaces see [18]. 

2) The manifold 6(f) may be replaced by a manifold gen- 
erated by a sequence { f™(x)}. This is achieved with the use of 
the author’s theorems on generalized quasi-analyticity (see 


[11]). 
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§2. General Closure Theorems 


It has just been shown that in order to be able to assert that 
f(x+a) Ea(f), for every fEli { M,} and for every real con- 
stant a, it is necessary that (3) be satisfied. On the other hand, 
in order to have f(x-++a) €r(g) where f and gG Li, it is necessary 
that 2(f) D> Q(g). We shall now give conditions, bearing on both 
{M,} and the Fourier transform S(g)=G which ensure the 
possibility of approximating f(«+a)€Z; with linear combina- 
tions of derivatives of f and of translations of g. This will require 
neither (3) nor the inclusion {2(f) D Q(g) ; the requisite conditions, 
couched in explicit form, consist in the divergence of an integral 
resembling (3), but in which e~’ is replaced by a function which 
vanishes more slowly at infinity—the fuller the set Q(g), the 
more rapidly this function must approach zero. Thus, if this 
set is “sufficiently lean,” the function C(c) is allowed to be 
“sufficiently small”; i.e. the M, are permitted to be “large.” 

Before stating these conditions in the form of a divergent 
integral we shall give less explicit but definitely more general 
conditions from which they follow on application of the results 
of Chapter II. 

Given aclosed set ECR, the real axis in the complex f=£+77 
plane, we shall write 


eas fa half-plane 7 > 0 when E = R, 
_ the complex ¢ plane minus the set E when E + R. 


We recall then that a positive function M(r), defined for r>0, 
is said to be a function associated with E if every holomorphic 
uniform function, ®(¢) in Az, which satisfies the inequality 


M(|¢|) 


| | 


|e) | < 


in Ag, is identically zero.’ 

If M(r) is associated with E; it is associated with every set 
FxC Fy. 

A being a set on the real axis R, CA = R—A, 3A represents the 
interior of A. If A is closed it can be decomposed, by Cantor’s 
Theorem, into a denumerable set RA and a perfect or void set 
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PA so that A=RAUPA. PA is the intersection of the derived 
sets, of all orders (finite and transfinite), of A. 

We now give the general theorems of closure involving hy- 
potheses on the associated functions of sets defined by the func- 
tions f and g. Once and for all, both f™ and g are taken to belong 
to Las 


THEOREM IIIa. Let f be p times differentiable (p=0, finite or 
infinite) and let ||f™||<M,<», (0<$nSp), and let gELy. Let 


M, 
(7) M(r) = gb. 


OSn<pt+1 7r” 


Then, tf M(r) ts associated with the set Q(g), f(x-+<a) is, for any 
real constant a, the limit, in Ly, of linear combinations of the form 


(8) De Gninf(2) + D5 be.ug (a + &n,10). 


nSN<p nM 


In (8) 220; so if =0 the first sum is not present and only 
T(g) is involved. 

We write 0S”<p+1 rather than 0S”SXp, since we desire 
to include the case, most important of all, corresponding to 
>. 

THEOREM IIIb. Jm IIIa the set Q(g) can be replaced by E;, where 


(9) Ey = X(g) 1’ CQX(f). 

THEOREM IIIc. Jf RE:CQ(f), the set Ey in Theorem IIIb can 
be replaced by Es, where 
(10) E, = PE; 

If RE,;,CQ(f), Theorem IIIc is more general than Theorem 
IIIb. Theorem IIIb is more general than IIIa. This follows from 
the inclusions: 

E, C E, C Xg). 

Let us also note that Theorems IIIb and IIIc, both with p 

positive and finite, may be considered as corollaries of Theorem 


IlIc with p=0. Indeed, p>0 and finite, M(r) is of the form 
c/r, for r large. But such a function cannot be associated with 
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a set containing more than # points, since for any given set of 
p+1 real points there exists a meromorphic function ®(¢) 40, 
with simple poles at these points and such that | (s)| 
<M(| ¢|)/| n| . Thus if IIIb is satisfied with p>0 finite, E; has 


at most p points, say m1, - - * , ¥p, and, a being any real constant, 
it is possible to determine constants do, - + + , p41 such that, on 
setting 


fi(a) = f(z + a) — 2) anf(2), 


Sif) = (cos - 3 anit") SD, 


we have uz€C QO(fi), (R=1, ---, p), and the hypotheses of IIIc 
are satisfied with f replaced by fi and p=0; that is to say 
fiGr(g). If now the hypotheses of IIIc with p>0, finite, are 
satisfied, then E, has a finite number of points. But PA, = 
(\PE,CE>2, and thus PE, (being perfect) is empty, that is to 
say £,=R£, and EF, is empty. This shows that the hypotheses 
of IIIc with p=0 are satisfied and fEr(g). 

In view of Theorems 5 and R of Chapter I, Theorems IIIb, 
IIIc follow from: 


Lemma III. Under the hypotheses of Theorems IIIb or IIIc 
every function hE L,. which satisfies the relations 


(11) if fO(—y)hy)dy =0, (Sn <9) 


(12) f 8 — y)h(y)dy = gxh=0, 
also satisfies 
(13) [ He = pno)dy = fot =. 
In other words: under the hypotheses of Theorems IIIb or IIIc 


every continuous linear functional on L, which is orthogonal to 
f(—x), (OSn<p), and to r(g) is also orthogonal to r(f). 
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Proof: a) We first prove the lemma under the hypotheses of 
Theorem IIIb. M(r) being the function associated with the set 
E,= (gC 2G). 

Consider the bounded, continuous, p times differentiable func- 
tion 


(14) p(x) = fx h, 
Then 
(15) p(x) = fh, (Osn<p+1), 
so the relations(11) express the fact that 
(16) p(0) = 0, (0S < >). 
Also, by (15) and the hypotheses, 
(17) | o™(x)| S kM,, (O<n<pt). 
Combining(12) and (14) gives 
(18) gx+p = 0. 
The function 
(19) a) = fo Mtp(ayar 


is holomorphic in »>0. Carleman’s lemma and the lemma of 
Agmon and the author given in Chapter I, assert that if A;AR 
the function (¢) can be continued analytically into the lower 
half-plane, 7 <0, across the set @; of the real axis R because 


CE: = 5A(f) U CQ(g). 


Furthermore the continued function is holomorphic and single- 
valued in Az,, its value in the lower half-plane being 


(20) wp) = — fo ctpladax (n <0). 
0 
On integrating (19) by parts 7 times (0Sn<p + 1) we have 


(21) spe”: if ” gist po) (a)d, (n> 0), 


(ey 
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and it follows from (17) that 

kM, 
| ng” | 


Taking (20) into account as well, we see that, if £i#~R, (22) 
is true throughout Azg,. Thus we have, in Ag,: 


M({¢|) 
| | 


Since M(r) is associated with Fi, it follows that we must have 
&(¢) =0. Note that when E,=R the functions defined in (19) 
and (20), which are no longer necessarily continuations of each 
other, are both identically zero as a result of our definition of 
the function M(r) associated with R. 

We have shown that, under the hypotheses stated, ®(¢) =0 
and so, by (14), (13) must be true. 

b) Next, we extend the proof to hold under the hypotheses 
that RE, CQ(f) and that M(r) is associated with the set E:= Fy 
(\C(RE1). 

In part a) of the proof we have seen that ®(f) is regular 
throughout the set @£,;. Whatever singularities ®(¢) may have 
must then belong to the set Ei; we shall show that they must 
belong to a perfect set, hence ®(¢) will be analytic in RE; and 
its singularities will be confined to the set F,=E,\C(RE)). 
Specifically, we prove that no point &;€ Q(f) can be an isolated 
singularity of @(¢) then (since RF; is assumed CQ(f), it follows 
by transfinite induction that no point of RE; is singular, since 
RE; consists of the isolated points of the successive derived sets 
of E;. The proof which follows was given in [14]. 

Let us assume, then, that there exists a point §,;€Q(f) which 


is an isolated singularity of @(¢). At worst & can only be a 
simple pole, for (22) gives 


(22) |o|s Oils n ply 


(23) |e) | <k 


0 


kM 
b(o) < —- 


| | 


and from this it is a simple matter to show that in a sufficiently 
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small neighborhood of &, (¢) is majorized by Ali&—¢|-3, A 
constant. 

£, being isolated, there is an J)>0 such that, in |&—¢| Slo, 
®(¢) has no other singularities than £; take 0</<Jp and let a 
be the residue at £ so that 


(24) &($) = —— + 4,(Y), 
oo 
where ®,(¢£) is holomorphic in le-&| Sly. 
Let 
jena < 
a(x) = 4 | «| for | x| <1, 
0 for | x| > 1. 


When 7>0 we have 


E141 &—& 
f a( )L2@ + in) — 2G - pa 


1-1 
Ertl = 
= fo 3(FS* Dak f ponennmaeay 
&—1 
fit+l — 
= f eopermay f a(- St et 
&i—1 


=F [Be [evi ply)er08(ly)dy, 


_ while S(6) =A (cf. Note 1). 
Now p(é)6(it) Ly, and we may use the Theorem of Lebesgue 
to obtain 
éit1 = 
lim A ( ‘= 
10 &,—1 L 


\lee + in) — &(E — in) |dé 


Le 9e f p(y)e-i8i¥6(Ly)dy. 


Substituting (24) in this yields 
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f p(y)en*8(Ly)dy 


(26) 


But &EQ(f), 


(27) 


1 &i+2 
= lim — [ A 
70 J/ 2x gl 


=f dé as 
0 ie aie 


so, (F=S(f)), 


Combining (14) and (27) yields 


1 pode *a(ly)dy 


(28) 


and it follows on comparing (26) and (28) that (m=ess. up. bd. 


| n(x) |) 
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fo =) 2ain 
l (f= 2) a 


— aiv/2r. 


f 5(lx)e—*14f(y — x)dy = d(Ix)e—**F(E,) = 0. 


If eadyay fA — x)h(x)dx 


1 f aa)dx fe ®O(y)f(y — x)dy 


=1f w(ayax f e%»[o(y) — oa) ]fly — dy, 


V2x| a| < mi f dx f | d(Zy) — 40x) | - | f(y — x) | dy 


=m f |so)| ay f \ae+ 4) - 80] at, (0 <i <a 


We need merely let 0 to see that a=0 and hence that ® is 
analytic at &, a result contradicting the original assumption 
concerning &. All the relations derived in part a of the proof 


consequently hold in ¢ plane minus the set E>. q.e.d. 
Remark. The present proof is valid only in Ly. 
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Let us examine some particular cases of Theorem III. We use 
results concerning the function M(r) associated with some spe- 
cial sets E which were described in Chapter II. 

It was shown that M(r)=M=constant (r>0) ts associated 
with the empty set. Thus if, in Theorem IIIa, we take p=0 and 
Q(g) =A, the empty set, we conclude that every function of Ly be- 
longs to r(g) when Q(g) =0. This is Theorem W which is seen to 
be a particular case of Theorem IIIa (and therefore of Theorem 
IIIb). 

Next let E* represent the boundary of the set E. Clearly, if 


(30) 2(g) C Af) 


and if the set T=°(f)(\"(g) is enumerable, then RAi:C Q(f) 
and the set FE, in the statement of IIIc is void. Indeed 


Ey = Ca(f) 0 aX), 
and by (30), 
Fy = IC a (f) C af). 


Since I is enumerable, PI is empty, and we may write RE; 
=RI =I =F, whence 


E, = Ey(\ CRE: = Ai CE; = A. 


We know that M(r)=M=constant is associated with the 
empty set and so conclude from IIIc that: 

If Q(g)CQ(f) and tf the set A (f)AM(g) ts enumerable, then 
pers). 

This corollary to Theorem IIIc is a generalization of Theorem 
W since Q(g) is no longer assumed empty. It was given by S. 
Agmon and the author [14]. 

Another interesting special case corresponds to the function 
M(r) which is associated with the entire real axis R. We saw in 
Chapter II that a decreasing function M(r) satisfying 


° log M 
(31) -f EE r= © 


is associated with the real axis. Such a decreasing function M (r) 
is a fortiori associated with any set on the real axis. Setting 
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C(c) = —log M(e’) transforms (31) into (3). The function M(r) 
defined in (7) is decreasing and, for p=, 


C(c) = — log M(e’) = l.u.b. (no — log Mn) 
nz=0 


so that Theorem IIIa, with p= ~, g=0 yields the result that, 
under condition (3), f(x+a)€6(f). This is the sufficiency part 
of Theorem I in Zi. 

At the beginning of this section it was announced that the 
Theorems III can be put in more explicit terms. Clearly any 
result actually exhibiting the function M(r) associated with a 
set on the real axis can be injected into the statement of any 
one of Theorems IIIa, IIIb or IIIc to give an explicit condition 
connecting the norms M,, of the derivatives of f, with the sets 
Q(f) and Q(g). In Theorem 2, Chapter II we exhibited a func- 
tion associated with general sets on R. Combined with Theorem 
IIIb it gives the important result: 


THEOREM IV. Given fELi1{ M,} and gL, let 
C(c) = lLu.b. (no — log M,), 
and ie 
(32) E, = Xg) 10 Ca(f). 


Let $1(x) be the characteristic function of the set °(F,n) where h ts 
a positive constant. (Ei,, is the h-covering of Ey.) 

If there exists a continuous function u(x), (-»<x<+) 
with the following properties: 


1) There exist two positive constants A and B such that 
(33) AS u(x) 53+ o1(x) + Bor(x)$i(— 2), 


2) u(x) 1s of bounded variation, 


3) fc exp |-f a |e =] 0, 


then, for every real constant a, f(x-+a) is the limit, in Ly, of linear 
combinations of the form 


(34) yy (an,wf™ (a) + bn,we(% + En,w)). 
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Remarks. 1) If the modified form of Theorem 3, Chapter II, 
mentioned in the remark following that theorem, is used, con- 
dition 2 above is changed to: u(x) has a continuous derivative 
u'(x) such that xu'(x) ts of bounded variation and such that 


f | x | (u’(x))2dx <ee 


2) IfRE:,CQ(f), condition (33) can be replaced by the condition 
(35) A S u(x) $3 + g2(x) + Boo(x)b2(—2), 


where $2(x) 1s the characteristic function of (@(E2,n) and Ez, 
= PF. 

3) Condition (33) can naturally be replaced by the more restric- 
tive condition 


(36) A 3 u(x) S 3+ $0(x) + Boo(x)$o(—*), 


where $o(x) 1s the characteristic function of @(Qn(g)). 
When one of the sets Q(g) or Ej, (j7=1, 2) is taken to be sym- 
metrical Theorem IV assumes a simpler form: 


THEOREM IVs. f, g, { M. a and ((c) being defined as in Theorem 
IV, let E; be a symmetrical set (—x CE, whenever xC Ej) and let 
*(x) be the characteristic function of E1,,, where h 1s a positive 
constant. 

If there exists a bounded continuous function a(x) such that: 

1) a(x) =*(x), a(x) =b>0, b constant, 

2) either a(x) is of bounded variation, or a(x) has a continuous 
derivative such that xa’(x) is of bounded variation and 


J |x|(a'(a))%dx < @, 
and 


3) f Wie kor | - i “a(e*ar | a 


then the conclusion of Theorem IV holds. 
The conclusion also remains valid if Q(g) is assumed to be sym- 
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metrical, providing E;, 1s replaced by Q,(g) in the statement. Again, 
when RE,;CQ(f), Ex being assumed symmetrical and Ey,n being 
replaced by Es, in the statement, the conclusion 1s still correct. 


This theorem is a particular case of Theorem IV. Indeed 
we need merely observe that one may set a(x) =1/(2u(x)) 
=1/(u(x)+u(—x)), (2x0), and that $*(x) =1—¢(~). 

If E,(c), (j=0, 1, 2) designates the map of the set &;, 
(Eo = Q(g)) under the transformation x =e’(¢CE,(c) when x>0 
and xC€£,), one sees that, when E; is symmetrical, [%a(e")dr, 
(c arbitrary constant, ¢>c) represents what might be called the 
“corrected measure” of the portion of E;(c) between c and a. 
It is natural also to call C(c) the “differentiability” of f. With- 
out going into excess detail, one can say that condition 3, of 
Theorem IVs, measures the “total mean differentiability of f on 
E;.” A similar remark applies to Theorem IV. 


IV. APPLICATIONS OF THE GENERAL 
CLOSURE THEOREMS 
$1. Polynomial Approximation 

Theorems III and IV of the previous chapter lead naturally 
to the following proposition. 

THEOREM 1. Under the hypotheses of Theorems IIIa, IIIb, IIIc 
or IV, IVs, every function €r(f) is the limit, in Ly, of linear 
combinations of the form 


Me Gn, f(x) x pe bn, 28 (% a a) 


nSNi<p n=Ne 
(with the hypotheses of Theorem IV, p=~@). 


Let us assume that a given function YEr(f)CLi, and write 
V=S(y), F=S(f), G=S(g), while supposing the hypotheses of 
Theorem IV to be satisfied. To every «€>0 there then corre- 


spond: an integer NV >0, the real or complex constants d1,y, * °°, 
Gy.n, bo,n, °-*, 5n,n, and the real quantities f:,y,° °°, év.w 
such that 


—|f {uae we » On, wf\™ (xe 


N 
— Do bawg(% + ganesh dx 
0 


1 N 
a f [ve - D fonas) + baal + fad] d2 < 
T 0 
In other terms: 
N N 
(1) W(u) — F(u) >, an, wi"u” — G() > bn, wertnnt| <€. 
0 0 


By definition F(u) =0 when wEQ(f) and G(u)=0 when 
u€Q(g). Thus we have proved: 


THEOREM 2. The hypotheses of Theorem I V imply, for every 
e>0, the existence of an integer N and sets of quantities {ann}, 
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{bn,w}, {Env} such that on the sets Q(g) and Q(f) one has re- 
spectively: 


ew) — F(u) See <e 


and 


N 
ho — G(u) >> ba weitun| <6. 

0 

For every closed set ECR one can easily construct a function 

gC, with the property Q(g) = E (use series with small enough 
coefficients of triangular functions in R—£; the inverse Fourier 
transform of this series belongs to LZ; and will do). Consequently 
we may state a particularized form of Theorem 2: 


THEOREM 3. Let F=S(f), where fELi{ M,} and let ¥=S(y), 
where ~Cr(f). Let E be a closed set CR and take h>0. 

If there exists a function u(x) on R, bounded and continuous on 
R and bounded below by a positive constant, and having the follow- 
ing properties: 

1) u(x) $1/2 for xC En, u(x) $3/2 for x€E, and —xC Fy, 

2) either u(x) is of bounded variation, or else u(x) has a con- 
tinuous derivative such that xu'(x) is of bounded variation and 


f lelwiprds < ©, 


and 3) if C(c) is defined by 


(2) C(c) = lub. (no — log M,), 
n=0 


then 


(3) fc exp acl cee ae des «, 


then, to every €>0, corresponds a polynomial P(u) such that, on E: 


(4) | ¥(u) — F(u)P(u)| <«. 
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If we make full use of Theorem 2 of this chapter (or of 
Theorem IV) we can find more general statements. This is 
achieved by using the sets E; and EF, as defined in these theo- 
rems, in place of Q(g) =E. 

In particular it follows from Theorem W that, when Q(f) =A 
(the empty set, so F(u) +0), then, all other conditions of 
Theorem 3 concerning F and E being satisfied, every func- 
tion YEA allows an approximation of the type (4). Now it is 
plain that any function continuous on R, for which lim), .. H(z) 
=0, is the uniform limit of a sequence of functions of class A 
(it suffices to truncate H(u)). Consequently we have: 


THEoREM 4. Let F=S(f), where fELi{M,}|, with F(u) +0, 
and C(c) defined as in (2). Suppose there exists a function u(x) 
satisfying the conditions imposed on u(x) in Theorem 3, and let 
H(u) be a function continuous on R and such that lim|u|+2 H(u) 
=0. 

Then, to every €>0 corresponds a polynomial P(u) such that, 
on E, 


| H(u) — F(u)P(u)| <e. 
Let us now prove 


Lemna 1. Let F(u) be a continuous positive even function on R, 
such that —log F(u) is a convex function of log u, (u>0), and 
such that for all n: limjuj+< u"F(u)=0 and also such that, for 
sufficiently large u: u>Uo, at the points where F’(u) exists 1 
satisfies 


(5) | F’(u) | S av’, a, B constants. 


Under these conditions F(u) is the Fourier transform of a func- 
tion f belonging to a class Li{M,}, the M, being such that, when 


C(c) = Lub. (no — log Mz), 
n2=1 
there exist two constants, y: and ‘2, for which, when o is suffi- 
ciently large, 


(6) —log F(e’) S 2C(o + 1) + ¥29- 
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Proof. The function 


7 = + f rier 
(7) {=a (u)eimedu 


exists since FC Jy, f is abe differentiable, and 


(8) f(x) = F(u)ure'“*du, 


a 


This can be integrated by parts to give: 


qn-l 


seyee 


uo = f eww + nu”! F(u))e**du. 


£™ (x) 


f (F(u)u)’e*du 
(9) 


' 


Since F’(u) <0 for u>2 it follows from (5) that (F’(u))? 
S —au$F’(u) when u>u,.=max (uo, 1). (9) gives 


ii | af (a) |2dx 
= f | F’(u)u + nu" F(u) |2du 


2a f F’(u)w2*8du + n2 if (F(u))2u2"—2du + Ao, 


2 


and from this, on integrating by parts, we derive 
ff laf@ [ae 
< 20(2n + B) i) F(u)u2™-tdy 4 9? ip (F(u))2u2—2du + A” 
ug 
SAi+A4; if F(u)w+®) du, 
1 


where Aj, A, and k are positive constants. 
Let us write 
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m, = max F(u)u?”. 


Applying Schwarz’s inequality we get: 


f | f(x) | dx 
1 1/2 -) re) 1/2 
< 2( f | f(x) ax) ae 2( f =f a? | f(x) ax) 
a) 1/2 ) 1/2 
2 (f F(u) a) + 2 (4: + Ar f Fwwtehan) 


n 2 1/ n n 2 
tet mays) 204g + Armed - 


The m, are increasing so this gives 


lA 


il = f [f° | des Bemis = Me 


where B is a constant. Thus fEli{ M,}. 
Set 


A(t) = l.u.b. (ot + 3 log F(e’)). 
a>0 


Clearly A(n)=log m, and —lim log F(e’)o~*= &. Following a 
result given in [10] we may assert that lim:.. A(t)t“!= 0 and 
that, for sufficiently large o, 


— + log Fle’) = nae (ot — A(t)) = ot(c) — A(é(o)). 


A(t) is increasing, so if, for sufficiently large ¢, n+k+1 is the 
greatest integer less than t(¢): 
— log F(e’) S o(m + k + 2) — log mateti 

no — log Mnti41 — nlog B+ o(k+ 2) + nlog B 

n(o + log B) — log Mn+ o(k + 2) 
C(o + log B) + o(k + 2), q.e.d. 

LEMMA 2. Let F(u) be a positive continuous even function, where 
—log F(u) is a convex function of log u, (u>0) such that 


IIA 
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- ci dt 
(10) -f log F(e’) exp |- f al ds = 0, 


u(x) being a function as described in conditions 1 and 2 of Theorem 
3. Then a continuous positive even function F,(u), can be con- 
structed so that F=O(F;) and F,(u) has the property: 

F,=S(fi) with fic Li { M,} , the M,, being such that the function 


C(c) = lu.b. (no — log M,) 
n=0 


satisfies the relation 


(11) fc exp ae (eee eee et = 0, 


u(x) being a function as described in conditions 1 and 2 of 
Theorem 3. 


Proof: Observe that, —log F(u) being a convex function of 
log u, all the derivatives appearing in the following exposition 
are meaningful, in the sense that derivatives exist almost every- 
where and —uF’(u)/F(u) is increasing as one moves from left to 
right. 

Define the function Fi(u) by the equality 


F'(u) 
(12) (— log Fi(#))’ = min (- ) u), (u > 0), 
F(u) 
from which follows . 
d(— log Fi(u)) _ ee oes 
(13) ea ies = u(— log Fi(u))’ = min ( — u Flu) > 4 ), 


where the right-hand side is increasing.® Thus —log F,(u) is a 
convex function of log u. Furthermore an integration in (12) 
shows that F=O(F,). Also from (12) we obtain, for all suffi- 
ciently large u, 


(14) 0S —Fi(u) S uF,(u). 
Thus either one of the two following alternatives may occur: 
Fy(u) 


a F 1(w) 


<u for all sufficiently large wu, 
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FY (u;) 
F,(u;) 


Let us first assume that 8) arises. We may assume u:4,;—u; 21, 
(all 2), and — Fj (u)>0 for w>xu,. Under these circumstances 
we may write: 


% , é 20 ujt+1 f 
-f we “2 - Sf bide 
wy F,(u) ue? 1 uy F,(u) u 
Sa Be 
SD eee Os 
1 (U3 = xe 


oh 


= u; for an indefinitely increasing sequence of 1;. 


(15) 


IV 


which, changing variables, shows that 
(16) = f (log Fy(e%))’e~"do = &. 
On the other hand, integrating by parts yields 


N 
— if log Fi(e’)e~*do = log F,(e%)e~™ — log F(e%)e~— 


(17) ‘ 
— f (log Fx(e’))’e~?do. 


If the left-hand side in (17) converged as N-~, there would 
exist a sequence NV; 7 © for which log F,(e%*)e-"i—0, therefore, 


from 


Ni 
-f log Fy(e’)e~*do = log Fi(eXi)e“Nit — log Fi(e*)e~* 
(18) o 
— f (log F1(e’))'e~°do, 


it would follow that the integral in (16) would also converge, 
which contradicts relation (16). Consequently 


(19) -f log Fi(e")e*do = ©. 
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Next, in the case of alternative a), it follows from the defin- 
ing relation (12) that — F{(u)/Fi(u) = — F’(u)/F() for all suffi- 
ciently large u and therefore, by (10), 


bs : dt 
(20) a f log Fi(e7) exp E f eal dog = ©, 


Thus, in any case, the function F; satisfies the relation 


(21) — frog rve exp | — (= do = 2, 


in which u(x) =u(x) in case a), and m(x)=1/2 in the case of 
alternative 6). 

From this, and the fact that —log Fi(u) is convex in log 4, 
it follows that —log Fi(e’)/co-—>-+ © as c+ ~; indeed, other- 
wise we should have —log Fi(e’*)/o:<K for o; T », and the 
convexity property then makes 


— log Fi(e’)/o < K 


for all o large so that (21) would converge. Thus we see that 
for every constant K, no matter how large, we have 


(22) ukF,(u) > 0, 
so that by (14), for u sufficiently large, 
(23) | Fi (u) | < am. 


F,(u) has been shown to have all the properties of the function 
F(u) described in Lemma 1 which is then applied to it to yield 
the conclusions of the present proposition (with u(x) =1/2 in 
the case of alternative 6). q.e.d. 

Lemmas 1 and 2 enable us to pass from Theorem 4 to: 


THEOREM 5S. Let F(u) be a positive, even, continuous function 
with —log F(u) convex in log u, (u>0). Let ECR be a closed set 
and let u(x) be a continuous bounded function on R, satisfying 


conditions 1 and 2 of Theorem 3, bounded positively below, and 
such that 
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(10) — f 08 F¢e exp |- (sao do = 0, 


Let H(u) be any continuous function on R, such that limju ..H(u) 
=(). 

Then, to every €>0 corresponds a polynomial P(u) such that, on 
BE: 


(24) | H(u) — F(u)P(u)| <e. 


Proof: Let us construct F\(u) as described in Lemma 2. F,(z) 
satisfies all the requirements of Theorem 4 (with (x) =u(x) in 
alternative a and u(x) =1/2 in case 8) and so we may apply 
Theorem 4. Recalling that F(u) =O(Fi(u)), we shall now show 
that the result automatically remains true with F(w) in (24). 

For u sufficiently large, |u| >, |H(u)| <e. Take 


H(u) for | 2 | Sy 
Ai(u) = hin for uw. S u|sSue-+1 
0 for |u| >u.+ 1, 
and 
H.(u) = H(u) — Hi(u), 
so that H2(u)=0 in | 2| <u, and | Ho(u) | <2e. Thus H(u) is the 
sum of two continuous functions. Hi(u) being null outside the 


finite interval [—w,., u-], a polynomial P(u) can be found for 
which 


H,(u) a — P(u)Fi(u)| <«, 
so 
P(u)F 7 Seger gery k constant 
| Za(u) — POF) | < FO 
Therefore 
| H(u) — P(u)F(u)| S (k + 2)e. q.e.d. 


The above theorem contains the following particular case: 
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THEOREM 5’. Let ®(u) be a positive, even, continuous function 
with log ®(u) a convex function of log u, (u>0). 
Tf 


fi log B(e")e"da = ~ 


(or, equivalently, 


(a) Ai BAL = *), 


uU 


then to every function H(u), continuous on R with limju|.. H(u) 
=0 corresponds a polynomial P(u) such that, on R, 


| H(u) — P(u)/®(u)| <e. 


This result, with the restriction ®’(w) =O(®?(u)) also follows 
from a very general theorem of the author’s [13]. Horvath [8], 
while using an inequality due to the author, was able to elim- 
inate this restriction and stated the theorem in the form just 
given. Ahiezer and Babenko [2] derived a result which is ap- 
parently more general: the convexity of log ®(z) is not required; 
they merely suppose ®(w) =1 and replace condition (a) by the 
hypothesis that there exists a sequence of polynomials P,,(u) 
with ®(u) =P,,(u) and for which 


log Pn,(2) 

(== a - 
é 1+ 4? 

(@(u) is not assumed to be even). 


Theorem 5’ contains the classical theorem of S. Bernstein in 
which it is supposed that 


ino} 


(4) = (1+), Sean ition 


1 
© log B(u 
if g a 
u 


That Theorem 5’ follows from Theorem 5 is obvious; in the 
case when E=R it suffices to take u(x) =1/2. 
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§2. The Generalized Moment Problem 


Let us recall some definitions (see [19]). A set function V(e) 
is called a distribution function if it is non-negative, defined 
and finite on all Borel sets e on R, and if it is completely addi- 
tive; i.e. if for every sequence {e,} of disjoint sets 


v( U «) = >> V(e,). 
v21 1 

The spectrum, =(V), of the distribution function V, is the set 
of all points xCR such that V(n.)>0 for every neighborhood 
aot x. 

Given a sequence {m,} of real numbers and a closed set ECR, 
the “E-moment problem” consists in the determination of a 
distribution function V(e), whose spectrum 2(V)CE#, and for 
which: 


(25) f u"dV = tn, n= 0). 


Two distribution functions V; and V2 are said to be sub- 
stantially equal if for every continuous function f(u) on R, 
which is =0 for sufficiently large |u|, one has 


(26) f sonar: = [ fwave. 


The uniqueness problem in the theory of E-moments consists 
in determining conditions on {m,} which ensure that two dis- 
tribution functions, V; and V2, whose spectra are contained in 
E and for which 


(27) f undV1 = it u"dVs = Mn, (n = 0), 


are substantially equal. This problem has been solved for £ a 
(Hamburger moment problem) and for E= {x: x20} (Stieltjes 
moment problem). We shall give a solution for a general ECR. 


THEOREM 6. Given the sequence of real numbers {m,} and the 


64 General Theorems of Closure 


closed set ECR, suppose there exists a distribution function V(e), 
whose spectrum is in E, 2(V)CE, and which satisfies 


(28) f wav = Mn, (n = 0). 
Set: 1) &(u)= >» » if Econtains points with negative abscissae. 
Mon 
u”™ 
2) &(u)= >> » af all points of E have positive abscissae. 


n 


Suppose there exists a function u(x), bounded and continuous on 
R and bounded positively below, which satisfies conditions 1 and 2 
of Theorem 3, and for which 


2 J dr 
(29) (| log P(e ) exp | - f S| do = ©, 


Under these conditions any two distribution functions, whose 
spectra are in E and which satisfy (28), are substantially equal. 


Proof: Suppose 2(Vi) and 2( V2) CE, and 
(30) f wav, = [ wavs = Mn, (1 = 0). 


This means that for every polynomial P(w) we have, writing 
W= Vi- Vo, 


(31) f Pq@aw = 0. 
Eeon (30) we get 
t t ee 


Let F(u)=1/(u/2) if E contains points with negative 
abscissae, F(u)=1 /&(| x /2) otherwise. F satisfies the hy- 
potheses of Theorem 5. If then f(w) is a bounded continuous 
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function on R we find for every «>0 a polynomial P(u) such 
that on E: 


(32) | f(u)F(u) — P(u)F(u)| <. 
Applying (31) to this polynomial gives 
(33) f semaw = f 6 - Pepaw, 


and hence 


_| f aeoaw] s f L109 - Poo || an | 


IA 


ff | 409 = Poo | ar. + ave) 


, f o(=) (AV dVane se Ae 


fseoavs = f ener sea 


lA 


Therefore 


Note that the transition from Theorem 5 to Theorem 6 is 
analogous to that used by S. Bernstein in the application of his 
theorem on approximation on R to the problem of Hamburger. 

Theorem 6 includes as particular cases the theorems of Carle- 
man [19] giving uniqueness conditions for the Stieltjes prob- 
lem (spectrum on half-line) and the Hamburger problem (spec- 
trum on R, or, rather, no conditions concerning the spectrum 
being given, E=R). Before quoting Carleman’s theorems in 
their initial form we shall state them as follows: 


THEOREM 7. (Stieltjes problem). Let {mn} be a real sequence, 
and let there exist a distribution function V, whose spectrum 1s on 
the half-line x20, and which satisfies 


(34) [ wav = Mn, (n = 0). 
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if 


(35) f log ®(e")e~7/*do = ~, 
where 
(36) b(u) = 2 —> 

0 My 


then any two distribution functions, whose spectra are on x20 
and which satisfy (34), are substantially equal. 


Indeed, let 
3 fore 
u(x) = jin for « € [—1, 0] 
3 forx Ss —1 
in Theorem 6. 


THEOREM 8. (Problem of Hamburger). Let {mn} be a real 
sequence and assume the existence of a distribution V for which 


(37) [ wav = Mn, (n = 0). 
If 
(38) 08 @(e’)e"dc = w, 
where 
ION ee 
0 Man 


then any two distribution functions satisfying (37) are sub- 
stantially equal. 


This follows from Theorem 6 in which u(x) =1/2. 
We now come to a lemma, of interest in itself, which will 
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lead from the last two theorems to the above-mentioned theo- 
rems of Carleman. 


Lema. Let V#0 be a distribution function with 
(39) f wav Hn. 


Then log mzp is a convex function of n; if the spectrum of V 1s on 
the half line x =0, log m, is convex in n. 
Take c>1/2 and consider the polynomial 


1/2 1/2 
M2 (n+2) 2 Mon F : 
P,(¢, “) = (ee ur” — y2rt) 4 ¢ y2(nt2), 


Man M2 (n+2) 


which is >0 for all values of wu. From (39) we get 


0< f P,(c, u)dV 


: 1/2 
M2 (n+2) Ae Mon ! 
Cal Voge = aap Mn, — Mea (n+1) a wen M2 (n+2) 


Moy, M2 (n+2) 


l| 


I 


2¢(MonM2(n+2)) 1!” — M2 (n+1)- 

So, letting c—1/2, this gives 

; 1/2 
Mansi) S (MonMe(n42))"!”, 


which proves the first part of the lemma. To prove the second 
part one need only take 


1/2 
Mny\!!? Mn 5 
P,(¢, u) = c( - ) um — urti+ ¢ oo, (c > 4), 


My Mn+1 


and reason in the same way as before. 
Observe that (35), with ® defined in (36), is equivalent to 


(40) f Serie = @, 


where 


(41) C(o) = lub. (no — log mn), 
n=O 
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(m,=0 for all m because the spectrum of V is on x20). 
This is seen as follows: 


no no 
oO 2 abe eer 
n=0 My Mn 
enor) 
<= [listo eh = alte), 
n=O My 


a being constant; thus (35) and (40) hold simultaneously. In the 
same way (38) with ®(u) = >>u2"/mon is seen to be equivalent 
to (40) where 


(42) C(c) = l.u.b. (no — log man). 
n=O 


But, log m, being convex in n, (40) with C(c) defined by (41) 
is equivalent to (see [9]) 


1/2 
(43) x( sits ) == G0) 
: Mr+1 


Also we know that (43) is equivalent to the relation 


—1/(2n) 
Sane as 


Analogously (40), with C(¢) defined in (42), holds simul- 
taneously with the equivalent relations 


wo 1 
>(— ) = © and ys 


M2 (n-+1) (mon) 1/2” 


These considerations prove the equivalence of Theorems 7 and 
8 with the following statements: 

THEOREM 7a. If a Stieltjes problem has a solution this solution 
is unique when the following equivalent conditions are satisfied: 


>(= \"- co, (my) = eo, 


Mr+1 


THEOREM 8a. If a problem of Hamburger has a solution it is 
unique when the following equivalent conditions are satisfied: 
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noe vel? 
= ms ) aes SS (man)722" = @, 


™2 (n+1) 


Finally it is worth noting that, in their book [19], Shohat 
and Tamarkin thought it necessary to replace the conditions 
> (mn)-/2" = © and D5 (tMon)-V2" = & respectively by other 
rather complicated conditions which they believed to be more 
general, viz. > (B.)2= ©, di (yn)-V2= 0, where 

6, = min (mano, Yn = min (mentny) t/t, 
ho h20 
But the convexity ensures that for sufficiently large n: (m,)'n 
=B, and (mon)/"=y, in the Stieltjes and Hamburger cases 
respectively; thus their result is not actually a generalization. 


8. 


9. 


NOTES 


. Indeed ripe €I, so we can apply the Fourier formula (5) to it and get 


2 1-—cost 


= V0 arial 


This is in Z; so inversion (6) applies and must, of necessity, give back 
A(x). 


2 1 
 éHa(a)ds = | (1 — x) cos xtdx = 
J/2rJ° 


. Any zeros on the circumference will cause no trouble for we can find r<1 


such that (re!) has no zeros, and prove the theorem on this circumfer- 
ence, then letting r—1 afterwards does not destroy the inequalities. 


. The omission of a limit of integration in {*C(x)dx simply means that 


fs C(x)dx is meaningful and satisfies the indicated relation for all @ suffi- 
ciently large. A similar remark applies to /_«. 


. In a paper to appear soon Mme. Lelong-Ferrand proves that in Theorem 9 


the condition (a) / | dG} (c)| < «© can be replaced by the simpler condi- 
tion (b) lim,.. G/ (¢) =0. Then of course in Theorem 8b, as well as in all 
the theorems where the condition (a) appears, (a) can be replaced by (b). 


. It follows from Note 4 that this condition, here and in the other theorems, 


can be res by xu'(x)-0, asx + ~. 


1 
tux, et tur, 
is Las DNV ta saree Kee Akg yr ant fo av). 


7. 


This definition is more practical than the one in [16] where (E played the 
réle of £. 


If p=0 then (11) disappears from the statement of the lemma so that (12) 
implies (13) under the given hypotheses. 
Indeed, if for w#1<we we found 
min (—mF’/F, a) > min (—wF"/F, uw) = ws, 


say, this would mean that the min (—mF’/F, i) was incorrectly chosen 
since us <u. 
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